We consider a class of random block matrix models in d dimensions, d ≥ 1, motivated by the study of the vibrational density of states (DOS) of soft spheres near the isostatic point. The contact networks of average degree Z = z0 + ζ are represented by random z0-regular graphs (only the circle graph in d = 1 with z0 = 2) to which Erdös-Renyi graphs having a small average degree ζ are superimposed.
I. INTRODUCTION
to conjecture that for ζ → 0 the cumulative function of the DOS tends uniformly to the one of the SKM DOS, in an interval [0, ω 0 ], with ω 0 < √ z 0 − 1 + 1. The G (2,ζ) model is the k = 1 Newman-Watts small-world model. In section IV we introduce a model for jammed soft spheres; it differs from the random network model by the introduction of a cutoff parameter K d representing sphere repulsion in an equilibrium configuration: in its absence (K d = 0) one has the random network model studied in [7, 8] , in which the contact versors are independent random variables, uniformly distributed in d dimensions; for 0 < K d ≤ 0.5 two random versors v, w representing the directions of the contacts of a sphere with two other spheres satisfy the bound v · w ≤ 1 − K d .
Numerical simulations in d = 2, 3, 4 indicate that, in the isostatic case G (2d,0) the peak of D(ω) in ω = 0, present for K d = 0, becomes with the increase of K d the expected plateau.
We find that in the G (z0,ζ) models in 1 ≤ d ≤ 4, with large cutoff K d for 2 ≤ d ≤ 4, D(ω) is well approximated for ω < 1.5 by the SKM DOS D K (ω; Z d ), apart from a long tail around ω = 0 in d = 1. This is to be contrasted with the K d = 0 case, with d = 2, 3, 4, in which the DOS is much closer to the MP DOS than to the SKM DOS. Therefore the parameter K d allows an interpolation between a case close the d = 1 solution (SKM) and a case close to the d = ∞ solution (MP). In the d = 3, Z = 7 and 8 hyperstatic cases, the boson peak frequencies corresponding to the SKM DOS are close to the values found in molecular dynamics simulation in [5] .
For K d large, the quantity D(ω) ω 2 , whose peak is the boson peak in the d = 3 model, is well approximated by
For 2 ≤ d ≤ 4 we find that there is a gap in D(ω) close to the one in D K (ω; Z d ); the quasi-gap found in [8] in d = 3 with D(ω) ≈ ω 4 for ω → 0 in the hyperstatic case Z = 7 becomes a gap in presence of a large cutoff K 3 .
In section II we review the network model for soft-spheres near jamming. In section III we study the d = 1 models, including the k = 1 Newman-Watts small-world model. In section IV we study the soft-sphere model with angular cutoff.
II. RANDOM BLOCK MATRIX MODEL FOR A RANDOM ELASTIC NETWORK
Consider a system of N soft spheres in d dimensions, with centers in r i , i = 1, · · · , N . We assume that the spheres interact with a short-range repulsive central potential. Following [7, 8] , to an equilibrium configuration of spheres a network of contacts is associated, where an edge (i, j) is present if the sphere in r i is in contact with the sphere in r j . Let v i,j = r j − r i ;v i,j is the corresponding versor. In a random elastic network the contact versors are random independent uniformly distributed d-dimensional Gaussian versors.
Define X i,j = |v i,j ><v i,j |. In the elastic approximation, in which displacements r i → r i + δ i are kept only to quadratic order, the energy of the system is, neglecting the "initial-stress" contribution,
where M i,j is the Hessian,
with α i,j element of the adjacency matrix of the network graph. M has eigenvalues λ = ω 2 , where ω is the frequency. The density of states is
where ρ(λ) is the spectral density. The Maxwell isostatic condition is Z c = 2d; Z is the average coordination degree.
In [1] it has been observed that jamming occurs at the isostatic point; the density of states D(ω) has a plateau around ω = 0. Close to the jamming point they found with numerical simulations that Z − Z c ∝ (φ − φ c ) 1 2 , φ being the packing fraction and φ c the jamming packing fraction. Therefore Z plays a similar role to the packing fraction.
In a physical network of contacts the coordination numbers should be close to the average degree Z. In [7] the network of contacts has been chosen to be random regular graphs.
The exact DOS for these models for arbitrary d is not known; the d = 1 random regular graph case is obtained from the Kesten-McKay distribution; it is reviewed in section III.
The d → ∞ random regular graph model, with t = Z d fixed, gives the MP distribution [7] . Let us give a new proof of this, using [14] .
The contributions to the spectral moments are given, in the limit N → ∞, by tree walks. In the case of random regular graphs of degree Z, the walks are on the Bethe lattice of degree Z.
Consider the unoriented graph on which the walk is embedded. It has the root of degree δ 0 and the other nodes i of degree δ i .
Starting from the root, the first edge can be chosen in Z ways; when the path returns to the root, an edge different from the one previously taken can be chosen in Z − 1 ways, and so on, so one gets a factor Z δ0 , where n i is the falling factorial. When the path arrives at the node i different from the root, there is at that node at least an edge already visited, so that one gets a factor (Z − 1) δi−1 .
Therefore there is a combinatorial factor associated to the walk on the Bethe lattice
In the limit d → ∞ with t = Z d fixed, the Z − i factors can be approximated with Z at leading order, so one gets a factor Z E , where E is the number of edges in the tree associated to the walk. Then one gets the same power of Z that one gets from the same walk in the Erdös-Renyi model, in the limit N → ∞. In that case the Z factors come from the probability distribution of the adjacency matrix weights.
The average on the blocks X i,j associated to the steps of the walk is the same in the Erdös-Renyi and in the random regular graph cases; in the limit d → ∞ it gives to leading order a factor d −E ; putting the two factors together one gets a factor t E . Therefore in the limit N → ∞, d → ∞ with t = Z d fixed one gets the same spectral moments in the two models. Since in [14] it has been proved that in the case of Erdös-Renyi graphs the spectral distribution is the MP distribution, the same holds for the case of random regular graphs.
To the MP distribution corresponds the density of states
for a ≤ ω ≤ b and zero otherwise.
In [13] it has been observed that the random block matrix model with Erdös-Renyi contact network interpolates between the d = 1 model with coordination degree t and the d → ∞ model with coordination degree t = Z d . In [14] it has been proved that the non-crossing contributions to the spectral moments depend only on t, so they are common to the models with different d, but same t = Z d . The crossing contributions depend on t and d; they vanish in the d → ∞ limit. In [13] simulations show that, for d > 1, the spectral distribution is fairly well approximated by the one for d → ∞, the MP distribution with parameter t, so the crossing contributions seem to have a small effect.
The d = 1 spectral distribution differs markedly from the MP DOS, due to a series of spikes. Its analytical form is unknown.
The Kesten-McKay distribution has been derived in [22, 23] for t-regular random graphs, hence with t integer. In the next section we will discuss d = 1 models, which have as mean-field DOS the SKM DOS with t real.
The uniformity of the DOS of the Erdös-Renyi models with different d and t = Z d fixed, leads us to examine with simulations whether the same happens in the case of random regular graphs, and to see whether in the latter case the DOS is closer to the d = 1 SKM DOS or the d → ∞ Marchenko-Pastur DOS, both with parameter t. In section IV we will see that in the elastic network model the DOS is close to the MP DOS with parameter t, while in a soft sphere model with large angular cutoff, modeling the repulsion between spheres in an equilibrium configuration, the DOS is close to the SKM DOS with parameter t.
The Kesten-McKay distribution [22, 23] is the spectral distribution of the Adjacency matrix A of random uniformly distributed regular graphs of degree t, in the limit of number of nodes going to infinity.
Let us review here a derivation of this distribution [24] .
In the limit of number of nodes N going to infinity, the moment of the spectral distribution µ n = 1 N trA n is the number of walks of length n on a Bethe lattice of degree t.
Consider an infinite rooted tree with root of degree s and all the other nodes of degree t. Let T (t) s (x) be the generating function of the number of tree walks of length n starting at the root; T (t) s (0) = 1. A non-trivial walk starting at the root can go from the root to a neighbor node in s ways; then it can take a walk not returning to the root; then it returns to the root. From there it can take another tree walk. One has therefore
Taking the case s = t− 1 in this equation, one obtains a quadratic equation, whose root is determined by the condition T (t) t−1 (0) = 1. Substituting this in Eq. (6), in the case s = t one gets
The resolvent of the adjacency matrix is
one gets the spectral density of the adjacency matrix
for |z| ≤ 2 √ t − 1 and 0 otherwise. The Laplacian matrix differs from −A only by t times the unit matrix, so that its spectral distribution is obtained shifting by t the one in Eq. (10) . The density of states is related to the Laplacian spectral density by D(ω) = 2ωρ(ω 2 ), z = ω 2 so that the corresponding SKM density of states is
this is the density of states for random t-regular graphs. For t = 2 it is the density of states for the ring
While the SKM distribution holds exactly for random regular graphs, we argue that for a class of tree-like random graphs with average degree t real it gives a good approximation to the density of states. We consider a class of models G (z0,ζ) , with average degree t = z 0 + ζ, in which the random graphs are obtained from a regular graph (a ring for z 0 = 2, a randomly distributed z 0 -regular graph for z 0 ≥ 3), to which a Erdös-Renyi graph of small average degree ζ is superimposed. The degree of each vertex i of the graph is [8] . Let us consider, similarly to the case of random regular graphs, the generating function T (t) s of the average number of tree walks of length n, starting from the root with average degree s, the other nodes with average degree t; thus s and t are now real quantities.
A non-trivial walk starting at the root can go from the root to a neighbor node in s ways; then it can take a walk not returning to the root; then it returns to the root. From there it can take another tree walk.
In a mean-field approximation one obtains again Eq. (6), where now s and t are average degrees, and from it the spectral density for the Adjacency matrix Eq. (10) . For ζ small, the degrees are close to t, so approximatively the Laplacian matrix is tI − A, so that one obtains approximatively the density of states D K (ω; t) in Eq. (11), where t is the average degree, with t = z 0 + ζ. As ζ approaches zero, this approximation can be expected to become more accurate.
Due to the fluctuations in numerical simulations for D(ω), it is convenient to use the cumulative function
and similarly Φ K (ω) and Φ M (ω) respectively for the SKM and the MP DOS.
B. Density of states for the k = 1 Newman-Watts small-world model
In the case z 0 = 2, t = 2 + ζ, the random graphs are defined as a circle graph with N nodes, to which a Erdös-Renyi graph of average degree ζ is superimposed.
This model belongs to the class of Newman-Watts models, in which the random graph is formed by a ring on N nodes, each node being connected to 2k nearest neighbors; an Erdös-Renyi graph is superimposed to it [16] . In the k = 1 Newman-Watts model, in [17] they have computed an analytic expression for the distribution of the distance between nodes, for ζ small. They obtain it considering a mean-field approximation, in which the average of the distributions on the random graphs is considered. For ζ → 0 this approximation becomes exact.
We find a similar behavior for the DOS, where D K (ω; 2 + ζ) is the mean-field approximation.
A discussion of the spectrum of the Laplacian for the k-small-world models is done in [18] , with emphasis on the simulations in the k = 3 small-world model. The k = 1 small-world model is briefly mentioned there, giving the EMA approximation
to which corresponds the cumulative function Φ E (ω). We make numerical simulations to see how the DOS tends to the SKM DOS for ζ → 0.
In the simulations in this section we used 200 random graphs with 3000 nodes, unless specified. The eigenvalues of the laplacian matrix are computed using in Sagemath [25] the function Numpy.linalg.eigvalsh.
In Fig. 1 the cumulative function is given for the case G (2,0.01) ; in the left hand figure are plotted Φ, Φ K , Φ M and Φ E . Φ has a high frequency (HF) tail, with ω > √ t − 1 + 1, beyond the support of the SKM DOS. In ω = 2.1976(3) the DOS has a spike (see Fig. 8 and its note), giving a dent in Φ, visible in Fig. 1 . In the right hand figure the cumulative functions for ζ = 0.01 are given for small ω; Φ starts with the zero-mode contribution.
In the left hand figure in Fig. 2 are given the areas under D(ω) in the HF tails, for a few values of ζ between 0.005 and 0.1; they fit with 0.50ζ, so they should go to zero approximately at this rate.
The DOS has a van Hove peak tending to 2 for ζ → 0: its frequency is 1.9987(3) for ζ = 0.1, 1.9998(3) for ζ = 0.01; the uncertainty is due to the fact that we used bins of size ∆ω = 10 −3.5 .
In the center figure in Fig. 2 , Φ(ω) − Φ K (ω) is plotted for a few values of ζ between ζ = 0.01 and 0.1. For ω > 1.8 there is a sharp increase in this difference, due to the fact that the DOS has the van Hove peak slightly less than 2, while the SKM DOS has a van Hove peak at slightly less than √ t − 1 + 1. Φ starts at ω = 0 with the zero mode; Φ(0) goes to zero for N → ∞; with the increase of N , Φ has fewer fluctuations; in the right hand side figure in Fig. 2 we give Φ(ω) − Φ K (ω) for ζ = 0.01, N = 500 and N = 3000.
The area of the high-frequency tail does not change with N ; e.g. for ζ = 0.01 it is equal to 0.005 for N = 500, 1000 and 3000.
In the center figure in Fig. 8 for t = 2.01, and Fig. 9 for t = 7/3, one can see a difference also for ω small, where D K (ω; t) is zero for ω ≤ √ t − 1 − 1, while D(ω) has a tail going much closer to zero. The smallest nonzero eigenvalue of the laplacian is the algebraic connectivity λ 2 = ω 2 2 ; it has been studied in [20, 21] ; in [21] it has been shown to go slowly to zero for N → ∞.
These simulations lead us to conjecture that the DOS tends to the SKM DOS for ζ → 0 in the following way: for N → ∞, Φ converges uniformly as ζ → 0 to Φ K for ω ≤ ω 0 , with ω 0 < 2; the area of the high-frequency tail, with ω > √ 1 + ζ + 1, goes to zero linearly for ζ → 0. In the interval [ω 0 , √ 1 + ζ + 1] there are the van Hove peak of the SKM DOS and the one of the DOS, tending to each other for ζ → 0.
C. G (3,ζ) model
In the G (3,ζ) model the random graphs are formed by random 3-regular graphs, to which a Erdös-Renyi graph of average degree ζ is superimposed. With respect to the k = 1 Newman-Watts model, the algebraic connectivity λ 2 is larger; in fact in a graph in the class G (z0,ζ) one can expect that λ 2 = ω 2 2 is larger than for a random z 0 -regular graph, for which the SKM DOS has lowest non-zero frequency ω 2 = √ z 0 − 1 − 1, hence √ 2 − 1 for z 0 = 3. In the left hand figure in Fig. 3 the cumulative function is given for ζ = 0.01; in the right hand figure it is given near ω 2 .
In the left hand figure in Fig. 4 are given the area under D(ω) in the HF region, i.e. 1 − Φ( √ t − 1 + 1), for various values of ζ between 0.01 and 0.1; a fit suggests that this area goes to zero as 0.4ζ for ζ → 0.
In the right hand figure in Fig. 4 , Φ(ω) − Φ K (ω) is plotted for ω < 2.3 for a few values of ζ between 0.01 and 0.1;
Finally both the frequencies of van Hove peak of the SKM DOS and of the one of the DOS tend to ω = 1 + √ 2 for ζ → 0.
We conjecture that for N → ∞, as ζ → 0 the cumulative function Φ converges uniformly to Φ K in an interval [0, ω 0 ], with ω 0 < √ z 0 − 1 + 1; that the integral of D over the high frequency region ω > √ z 0 + ζ − 1 + 1 goes to 0 in this limit. The frequency of the van Hove peak of the DOS tends to √ z 0 − 1 + 1. The random elastic network model for jamming soft spheres introduced in [7, 8] and reviewed in section II does not take into account the repulsion between spheres in an equilibrium configuration.
In [7, 8] simulations were made for the random block matrix model for a random elastic network in d = 3 using random regular graphs. The resulting density of states was found to have, in the isostatic case, a peak in ω = 0, instead of the expected plateau; in [8] it is remarked that this peak might be a logarithmic singularity. In the left hand figure in Fig. 5 this density of states is represented by a blue line; it is fairly close to the MP DOS (the thick black line) but, unlike it, it is not flat at ω = 0.
In an equilibrium configuration spheres are kept apart by the repulsive force. Let the sphere in r i be in contact with the spheres in r j and r k . Due to the repulsion potential spheres in contact are assumed to be roughly at the same distance. To model this in the random block matrix model, we add a parameter K d to the random block matrix model, and the constraintsv
for all i, j, k such that α i,j α i,k = 1. For K d = 0 one recovers the random network model considered previously. For three hard spheres touching each other one has K d = 1 2 , so it is natural to assume K d ≤ 1 2 . For K d = 0 the contact versors are not anymore independent random versors uniformly distributed in d dimensions. We follow the following algorithm to choose the random versors. In the simulations, to determine random contact versors satisfying this cutoff constraint, we placed random vectors satisfying Eq.(15) with a small cutoff, then we used a greedy algorithm to get random vectors with the required cutoff. We accept the result if the sum, over all sampled networks, of the violations to the required cutoff is less than 0.1.
All the simulations in d = 3 are made with 200 random graphs with 1000 nodes. In Fig. 5 there is the DOS in the isostatic d = 3 case, with a few values of K 3 from 0 to 0.5. For K 3 = 0.5 there is a plateau around ω = 0; this DOS is close to the SKM DOS with parameter t = 2 (the ring DOS Eq. (12)) for ω < 1.5. The density of states with large K 3 has a plateau for ω small; with the decrease of K 3 a peak appears in ω = 0; the plateau following the peak is also higher than in the molecular dynamics simulations in [1] . The height of the plateau around ω = 0 depends on K 3 ; for K 3 ≃ 0.3 it fits with its height in molecular dynamics simulations.
Around ω = 2 there is a van Hove peak, which increases in height with K 3 ; the SKM DOS has a much higher peak, which is not drawn in the figure.
Let us now consider the hyperstatic cases Z = 7, 8 and 9 in d = 3. In the case K 3 = 0 the density of states is fairly close to the MP DOS with parameter t = Z d ; the DOS' are displayed in the left hand figure in Fig. 6 . For K 3 ≤ 0.5 and as large as managed (i.e. K 3 = 0.5 for Z = 7, K 3 = 0.47 for Z = 8 and K 3 = 0.42 for Z = 9), the DOS is close, for ω < 1.5, to the SKM DOS with parameter t = Z d . They are plotted in the center hand figure in Fig. 6 . The quasi-gap in D(ω) for K 3 = 0 (estimated in [8] to go as ω 4 for ω → 0), becomes a gap for K 3 large, as shown in the case Z = 7 in the right figure in Fig. 6 .
In Fig. 7 the corresponding boson peaks are shown. We have seen in a few cases above that in the case of a random Z-regular matrix network and with large K 3 cutoff the DOS is close to D K (ω; t).
As in [8] , we consider also a class of models with random graphs in G (z0,ζ) , i.e. random regular graphs of degree z 0 , on which Erdös-Renyi graphs with average degree ζ are superimposed. This allows to consider real values for Z = z 0 + ζ. We have already examined the d = 1 G (z0,ζ) models in section III.
With the introduction of a large cutoff K d ≤ 0.5, the d = 2, 3, 4 models turn out to have a DOS closer to that of the d = 1 model with the same t, and hence to the SKM DOS D K (ω; t), than to the MP DOS.
In Fig. 8 are given the results of simulations in the case t = Z d = 2.01. For the case d = 1 it is the case G (2,0.01) , which we have discussed in section III. Here we plot its DOS; for ω < 1.5, it is close to the SKM DOS and to the DOS of the models with large K d in d = 2, 3 and 4 with the same t. The highest values found for the cutoff are K 2 = 0.4, K 3 = K 4 = 0.5, using 1500 nodes in d = 2, 1000 nodes in d = 3 and 750 nodes in d = 4; for each case, we make the average on 200 random graphs.
In Fig. 9 are given the results of simulations in the case t = 7/3. As in the previous case, the densities of states in different dimensions, for K d large, are close to the SKM DOS, for ω < 1.5.
For t = 3 the DOS for d = 2, 3 and 4 are close, for ω < 1.5, to D K (ω; 3) (see the center figure in Fig.6 for the case d = 3), which is the DOS of the d = 1 G (3,0) model.
Halving the number of nodes and making the average on 400 graphs we get similar results for the DOS. The maximum values of K d change slowly with N ; in d = 3 they are less than 5% higher halving N . In d = 2 the change is greater far form the isostatic point; for z 0 = 2 and ζ = 1 3 the maximum value of K 2 , halving N , is 13% higher. Therefore it can be expected that increasing N it decreases further. The curve of the maxima of DK (ω;t) ω 2 is given by
The slope of this curve at the isostatic point t = 2 is boson peak frequencies in d = 3, Z = 7, 8 and 9 found in molecular dynamics simulations in [5] . For Z = 7 and 8 these values agree well with the SKM curve, while for Z = 9 the difference is 4%. In the right hand figure in Fig. 10 , ω BP is plotted against K 3 . There is little difference in ω BP for K 3 = 0.3 and larger values of it.
In the isostatic case we saw that for K 3 ≃ 0.3 the height of the plateau around ω = 0 fits with the molecular simulation results in [1] . Therefore overall K 3 ≃ 0.3 is a good fit in all these cases. . The blue dots are ωBP in molecular dynamics simulations in [5] for Z = 7, 8, 9 in d = 3; the brown line is a linear fit for these points. The green dots are ωBP in simulations with largest K3. The boson peak for the MP DOS is drawn as a thick black line. In the right hand figure, there is a plot of the boson peak against K3; the case Z = 7 is the line in blue, the case Z = 8 is the green line, the case Z = 9 the red line. With the same colors a point indicates the values found in molecular simulations [5] . The black points are the corresponding values from the SKM DOS.
